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Changes in the mechanical properties of granular materials, induced by variations in the intrinsic
compressibility of the particles, are investigated by means of numerical simulations based on the
combination of the Finite Element and Contact Dynamics methods. Assemblies of athermal 2D
particles are subjected to quasi-static uni-axial compactions up to packing fractions close to 1.
Inspired by the contact mechanics in the Hertz’s limit, we show that the effect of the compressibility
of the particles both on the global and the local stresses, can be described by considering only the
packing fraction of the system. This result, demonstrated in the whole range of accessible packing
fractions in case of frictionless particles, remains relevant for moderate inter-particles coefficients of
friction. The small discrepancies observed with frictional particles originate from irreversible local
reorganizations in the system, the later being facilitated by the compressibility of the particles.
PACS numbers: 83.80.Fg,46.25.-y,87.10.K
I. INTRODUCTION
The physical properties of granular solids are mainly determined by their discrete and heterogeneous nature [1],
leading to well known general features of these disordered media such as chains forces [2], jamming transition [3],
dilatancy [4], etc. Beyond, specific properties emerge due to the peculiar nature of the particles, as inter-particles
interactions (e.g. cohesion [5, 6] or friction [7, 8]), the shape of the particles [9] or size polydispersity [10, 11]. Taking
into account particles bulk properties in numerical simulations requires either to model the deformations of each
particle and to consider their complete constitutive law (e.g. elastic [12], plastic [13], brittle [14], visco-plastic, etc.),
or to reduce the particles behavior to representative key elements through ad hoc and simplified models. This last
strategy is based on approximations that are relevant in the small loads or small particle deformations limits, as it is
the case near the jamming transition of a granular material. For instance, granular media made of elastic particles
have been described using repulsive potentials associated with hypothetical overlaps between particles [15]. However,
if the deformations of the particles are not infinitesimal anymore as it is the case in many applications (food products,
metal powders, colloidal suspensions and clays, etc. [16–19]), these kinds of approximation are not accurate enough
and a complete description of the individual particles mechanical behavior under deformation becomes necessary.
In this paper, we study the effect of the compressibility of elastic particles on structural and mechanical properties
of granular assemblies during uni-axial compressions in a wide range of deformations, from the jamming transition to
packing fractions of almost 1, with particles undergoing finite deformations. Such large deformations require the full
continuous description of each particle, associated with an objective constitutive law. For simplicity, we choose for
the constitutive law of the particles the isotropic neo-Hookean model.
The paper is organized as follows. The granular systems investigated in this article are first described in Section II,
together with details about the numerical method. The variation of the packing fraction as a function of the global
deformation of the system is first analyzed in Section III. Section IV is devoted to the study of the stress; both at
the global and the local scales. Some effects of the compressibility of the particles on the coordination number are
also briefly discussed. Section V deals with irreversibility, which is at the origin of the small deviations to the master
curve evidenced in the previous section. Section VI provides a summary and a discussion.
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2II. PRESENTATION OF THE GRANULAR SYSTEM
FIG. 1: A snapshot of an initial configuration (a) and three snapshots of the compaction of a packing of 400 elastic particles
with neo-Hookean behavior for packing fraction of Φ = 0.97 and several values of the Poisson’s ratio ν (b-d). Inter-particles
coefficient of friction is µf = 0.4. Axis X is set parallel to the mobile wall and axis Y is in the direction of the compression.
The horizontal dashed lines indicate the initial position of the mobile wall. A typical finite element mesh of a particle is also
shown zoomed in (d). Note that, to achieve the same value of the packing fraction, different values of cumulative compressive
strain (see Eq. (2)) are needed due to the different compressibilities of the particles.
In this paper, we consider sets of 400 elastic disks placed in a rectangular box (width W = 0.42 m along axis X and
initial length L = 0.51 m along axis Y ) with rigid walls (see Fig. 1). One of the two walls aligned along the X direction
is mobile inward at a constant and small velocity v. The three other walls being fixed, the granular system undergoes
an uni-axial compression. The initial configurations are defined by randomly distributing the particle positions in
the XY plane of the box prior the mobile wall begins to move. The bulk mechanical properties of the elastic disks
are described by the isotropic neo-Hookean constitutive law [20] given by the following strain energy density function
[21, 22]:
Ψ =
E
2(1 + ν)
(
I1 − 3
2
− ln J + µ
1− 2ν (ln J)
2
)
, (1)
with I1 = Tr(F
TF) and J = det(F). F denotes the deformation gradient tensor defined as F = I +∇u (I being the
second-order identity tensor and u the displacement field). E and ν are the Young’s modulus and the Poisson’s ratio,
respectively. For a given granular system studied in this paper, all the particles have the same Young’s modulus and
the same Poisson’s ratio. The particle diameters are set in the range [0.01, 0.015]m, with a size distribution uniform
by particle surface fraction; i.e., all size classes have the same surface of particles (crystallization is then inhibited).
For simplicity, the contacts are assumed to be frictionless with the walls. Inter-particles friction is assumed to follow
Coulomb friction law with the same coefficient of friction µf between all particles of a given granular assembly.
3We consider for all simulated systems the Young’s modulus and the mass density of the particles to be E = 0.45 MPa
and ρ = 1180 kg m−3. This choice is consistent with particles made of silicon based elastomer [22, 23]. In order to
investigate the effects of the particle compressibility, systems with three different Poisson’s ratios are studied : systems
made of quasi-incompressible particles with ν = 0.495, systems made of compressible particles with ν = 0.34, and
systems with highly compressible particles with ν = 0.05. In addition, different values of the inter-particles coefficient
of friction µf (from 0 to 0.8) are tested for each of these Poisson’s ratios.
For preparing the initial configuration of these systems, the particles are randomly distributed by keeping packing
fractions (defined as the ratio between the cumulative surface of the particle cross sections and the actual box area)
constant and equal to Φ0 = 0.81. In order to probe the effect of the initial configuration on measured quantities,
three simulations with the same physical parameters are performed using three equivalent initial configurations. In
the following, error bars reflect the dispersion coming from these initial configurations. The applied velocities v is
fixed to 0.035 m s−1 so that the global deformation fulfilled the requirements for a quasi-static transformation [24].
The numerical technique used in this work, is based on coupling of the finite element method (FEM) and contact
dynamics (CD) method, and implemented in the LMGC90 code [25]. The FEM-CD approach has been described and
validated in previous papers [12, 24]. In order to compute more precisely the contact between particles, and between
walls and particles as well as to optimize the computational cost, each particle is discretized using a mesh which is
denser at the periphery than in its central region (see Fig. 1). The number of degrees of freedom of the system is
hence reduced. In this manner, each particle is meshed with about 400, 3-nodes triangular elements.
III. PACKING FRACTION OF THE GRANULAR SYSTEM
In what follows, we consider uni-axial and quasi-static compressions of the granular systems, as described above.
In Fig. 2, the packing fraction is plotted as a function of the cumulative compressive strain ε, defined by
ε = − ln(1− ∆L
L
), (2)
for systems with different Poisson’s ratios and µf = 0.2. ∆L = vt is the displacement of the mobile wall from
the beginning of the compaction. For the quasi-incompressible particles (ν = 0.495), the cumulative surface of the
particles is almost constant, and the packing fraction is well approximated by Φ = Φ0 exp ε (relation deduced from
Eq. (2) for incompressible particles).
FIG. 2: Packing fraction Φ as a function of the cumulative compressive strain for assemblies of particles with ν = 0.495 (blue),
ν = 0.34 (brown) and ν = 0.05 (red) with inter-particles coefficient of friction µf = 0.2. The solid line is the computed packing
fraction of assemblies of incompressible particles (Φ = Φ0 exp ε).
As expected, the packing fraction of an assembly of compressible particles for any given value of the imposed defor-
mation, is smaller than the packing fraction of systems with less compressible particles (see movie in supplementary
materials, [26]). In the following, mechanical and structural quantitative features of the granular systems will be
plotted either as a function of the cumulative compressive strain ε, or as a function of the packing fraction Φ.
4IV. COMPRESSIVE STRESS
The mean value of the yy component of the Cauchy stress tensor applied to the mobile wall, 〈σyy〉, is computed
by dividing the contact forces acting on the mobile wall to its length. 〈σyy〉 divided by the effective elastic modulus
E∗ (E∗ = E/(1 − ν2)) of the particles is plotted as a function of the cumulative compressive strain ε in the insets
of Fig. 3 for systems with ν = 0.05, ν = 0.34 and ν = 0.495, and for µf = 0.2 and µf = 0.8. As expected, 〈σyy〉 is
first equal to zero up to non significant fluctuations, and beyond a certain threshold εJ corresponding to the jamming
transition, it starts to increase. The corresponding value of the packing fraction will be denoted as ΦJ . εJ depends
on µf [24] but not on ν. For a given cumulative strain, the compressive stress 〈σyy〉 is, as expected, smaller as the
Poisson’s ratio of the particles is close to 0.
FIG. 3: Mean value of the normal stress applied to the granular systems, 〈σyy〉, normalized by the effective Young’s modulus
E∗ of the particles, as a function of the packing fraction Φ for three different Poisson’s ratios of the particles, and for µf = 0.2
(a) and µf = 0.8 (b). Inset: Same data in a different representation (〈σyy〉/E∗ as a function of ε).
In the granular systems, the stress is transmitted from one particle to an other one through contact forces. Within
the limit of the small deformations of the particles, the contact force (per unit length) between two frictionless elastic
disks with the same Poisson’s ratio and the same Young’s modulus is [27]:
F =
pi
4
E∗d, (3)
with d the deflection of each particle. In the FEM-CD simulations, Eq. (3) has not been used because contact forces
are described in the context of finite deformations and then the full resolution of the contact equations has been
performed for each contact. However, in order to generalize these properties to the granular systems, 〈σyy〉/E∗ is
plotted as a function of the packing fraction Φ in Fig. 3. We choose to deal with the packing fraction since it is a
function of the actual shape of the particles, hence a function of the deflection of the particles boundary. The curves
are found to collapse on a single curve for frictionless particles (Fig. 3(a)). Strikingly, this collapse is good even at
large deformation, whereas Eq. (3) aims to describe only infinitesimal deformations. This shows that, for a given
packing fraction, the compressive stress applied to a granular material with particles having a given Poisson’s ratio,
can be deduced from a system with particles having another given Poisson’s ratio. Moreover, this collapse is less
accurate as the coefficient of friction µf increases, but remains relevant up to small discrepancies (Fig. 3(b)).
At this point, it has been demonstrated that the effects of the compressibility of the particles on the global stress
〈σyy〉 can be accounted for by considering the packing fraction and the effective elastic modulus E∗. We now go
5further by considering the changes induced by a variation of the compressibility of the particles on the details of
the stress distribution in the system. We show below that, for any fixed value of the packing fraction, the stress
distribution does not depend on the Poisson’s ratio of the particles, provided again that the coefficient of friction is
moderate.
FIG. 4: Probability density function of the mean yy component of the Cauchy stress per particle for µf = 0 (triangles) and
µf = 0.8 (circles), for ν = 0.05 (red), ν = 0.34 (brown) and 0.495 (blue), and for Φ = 0.86.
Let σpyy be the mean yy component of the Cauchy stress of a given particle, labelled here with index p. The
probability density function (pdf) of σpyy normalized by the mean value of σ
p
yy is plotted in Fig. 4 for packing fraction
Φ = 0.86 for the three tested Poisson’s ratios and for two coefficients of friction, µf = 0 and µf = 0.8. For this packing
fraction, the pdf of σpyy/〈σyy〉 is found to be almost independent of the Poisson’s ratio for the frictionless systems,
while differences are more and more pronounced as the coefficient of friction increases.
FIG. 5: Coefficient of variation of σpyy as a function of the packing fraction, for µf = 0 (circles) and µf = 0.8 (triangles), for
ν = 0.495 (blue), ν = 0.34 (brown) and ν = 0.05 (red).
The conclusion is the same for the other values of the packing fraction: Fig. 5 shows the coefficient of variation (or
the relative standard deviation) of σpyy, defined as [28]:
Cv(σyy) =
〈σ2yy〉 − 〈σyy〉2
〈σyy〉2 , (4)
as a function of the packing fraction. Cv is calculated directly from the pdf of σ
p
yy. Cv decreases as the packing
fraction increases beyond its critical value ΦJ for the jamming transition. It means that the system is less and less
heterogeneous as the packing fraction increases, as also observed in [24] for incompressible particles. This conclusion
remains valid for all the tested values of the Poisson’s ratio. Indeed, the coefficient of variation is found to be
almost independent of the Poisson’s ratio for frictionless particles, but small deviations appear as the inter-particles
coefficient of friction increases; see Fig. 5. The local structure of the stress therefore is not significantly independent
of the Poisson’s ratio of the particles, for a given value of the packing fraction and for a given value of the coefficient
6of friction, provided that the coefficient of friction remains moderate. This property is shared by other structural
features of the system, as the mean coordination number Z, defined as the average number of contact neighbors per
particle. The coordination number is plotted in Fig. 6. For frictionless system, Z only depends on the packing fraction,
whereas small deviations are observed while changing the Poisson’s ratio in case of friction between the particles.
FIG. 6: Mean coordination number Z as a function of the excess packing fraction Φ−ΦJ for ν = 0.495 (blue), ν = 0.34 (brown)
and ν = 0.05 (red), and for µf = 0 (circles) and µf = 0.8 (triangles).
V. IRREVERSIBILITY
FIG. 7: Mean non-affine displacement computed for systems with µf = 0 (a) and µf = 0.8 (b). Inset: Map of the magnitude
of the non-affine displacement in a system for Φ = 0.91, with µf = 0.2 and ν = 0.34. The gray scale is for the magnitude of
un.a(r)/vδt.
The non-affine displacement field un.a(r) [29] is measured by computing the displacement at each nodes of the
7system during an increment vδt = 1.14× 10−4 m of the position of the mobile wall (with δt as the elapsed time of the
interval). The mean non-affine displacement 〈un.a〉 spatially averaged and normalized by vδt, is plotted in Fig. 7 as a
function of the packing fraction Φ for systems with µf = 0 or µf = 0.8, and for different values of the Poisson’s ratio.
The peaks of 〈un.a〉/vδt appearing in these plots indicate the steps in the compression for which, somewhere in the
system, local non-affine displacements occur; see inset of Fig. 7 and [26]. For the frictionless systems, no significant
differences are observed by changing the Poisson’s ratio: neither the frequency nor the characteristic amplitude of the
peaks seem to depend on the particle compressibility. This is in contrast with the systems with µf = 0.8, for which
the peaks of the non-affine displacements are more numerous as the particles are more and more compressible. One
concludes that in frictionless systems, the non-affine displacement does not significantly depend on the Poisson’s ratio
of the particles, whereas the non-affine properties of the systems depend to the Poisson’s ratio in frictional systems.
This point is consistent with the results of Section IV: For frictionless particles, the systems behave equivalently for
any fixed packing fraction, whereas for frictional particles, differences in the stresses are observed. One can then infer
that these differences in the stress are related to local rearrangements occurring in the system.
To conclude, the slight but measurable differences observed in the stress for a given value of the packing fraction,
upon a change of the Poisson’s ratio of the particles, are related to the plastic events, whose main features do depend
on the Poisson’s ratio in frictional systems, but not in frictionless systems.
VI. DISCUSSION AND CONCLUSION
Effects of the particles compressibility during uni-axial compaction of two-dimensional athermal granular assemblies
composed of neo-Hookean elastic particles have been investigated using simulations based on the FEM-CD method.
A wide range of packing fractions has been explored, including far beyond the jamming transition, and different
values of the inter-particles coefficient of friction have been tested. The compressive stress applied to the granular
material, the distribution of the stress inside the system, the mean coordination number, as well as the non-affine
displacements have been computed. Their variations as a function of the compressive strain (ε) strongly depend on
the Poisson’s ratio of the particles. Plotting now these quantities as a function of the actual packing fraction, the
corresponding curves do not depend anymore on the Poisson’s ratio of the particles for frictionless particles, showing
that the particle compressibility does not bring more complexity in these granular systems. The adimensionalization
leading to a master curve for the stress has been inspired by Hertz’s theory. Even if this theory is established for
infinitesimal strains, we have shown that this reduction is indeed relevant even in granular materials in which the
particles undergo large deformations.
In frictional systems, we have found that plastic events depend on the Poisson’s ratio at fixed packing fraction
and fixed inter-particles coefficient of friction. Accordingly, the dimensionless stress plotted as a function of the
packing fraction does not perfectly follow a master curve, the discrepancies being more marked as the coefficient of
friction and the packing fraction are higher. Indeed, inter-particles friction reduces the ability of the particles to
rearrange, compared with the case of frictionless particles. Whereas in frictionless systems, plastic events can result
from particles sliding, rearrangements in frictional systems require a higher deformation of the particles so that they
can sneak between each other, and hence depend on the compressibility of the particles. This picture gives hints to
explain why irreversible features depend on the compressibility in frictional systems.
This paper deals with the effect of an unique characteristic in the constitutive law of the particles, the compressibility
of neo-Hookean particles. In order to reflect the wide range of the mechanical properties of the particles met in real
granular systems, a more comprehensive study would be suitable, with the goal to determine whether other particles
properties (as the maximum extension in the Gent Model [30] and the parameters defining the Mooney-Rivlin model
[31] for hyperelastic particles, or plasticity of the particles), or a polydispersity in these material properties, can be
accounted for in terms of adimensionalized variables.
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